Guided Wave Formulation of Maxwell's Equations

General Theory:

Recapitulation -- frequency domain formulation of the macroscopic M axwel
| equationsin a source-free region:

curl E(F,w) =- jwmH(F,w) [1-1a]
curl H(Fw)= +jwe E(F,w) [1-1b]
diveE(f,w)=0 [1-1c]
div mH (F,w) =0 [1-1d]

I mportant Review:

L et us once again derive the electromagnetic wave eguations (or more precisaly, the electro
magnetic Helmholtz equations) by starting with Eq. [ I-1a]. aswe have shown many time
s, thetrick isto operate on this equation with the cur | operator -- viz.

curl curl E(F,w) =- jwecurl [mI:I(F,W)] =-jwm [+jw eE(F,W)] [1-2]
and then use the "abc = bac - cab" rule’ - i.e.
grad [div E(F )| - [civ grad] E(F w) = w’me E(F.w) [1-3]
Finally, we make use of Eq. [ I-1c] and obtain
[div grad] E(F,w) + K*E(F,w) = R E(F,.w) +k*E(F,w) =0 [1-4a]
where k*=w’me .

Similarly, starting from Eq. [ I-1b ] we obtain

¢ Thetis a" (b” ¢)=b(ax)- c(axb)



Transmission Line Theory Page 2
[ div grad] H(F w) + K H (F,w) =N* H(F,w) +k*H(F,w)=0 [1-4b]

These are the Helmholtz equations which are the appropriate starting point for the analysis
of many problemsin electromagnetic propagation. We have already used them to study pla
ne wave propagation in uniform dielectrics.
Treatment of Guided Waves:
While the Helmholtz approach is a valuable starting point in many instances, wetake adig
htly different tack in analyzing guided wave problems. The important point of departureis
that we assume the waves are propagating in the z-direction along a uniform guided wave s

tructure and, thus, we may writein al differential operatorsin terms of transverse and long
itudinal components by taking

ﬂlz{anyfieldvariable} = g{any field variable} [ 1-5a]
so that

N{any field variable} =K, {any field variable} + zg{any field variable} [1-5b]

where, for example and in particular,

= _o 1 19
N, =X—+y— . 1-6
X Yy [1-6]
Furthermore, it is also useful to resolve the fields into transverse and longitudinal compone
nts-- viz.
E(Fw)=E,(Fw)+2E,(F.w) [1-7a]
H(F,w) =H,(F.w)+2H,(F,w) [1-7b]

Thus, we may rewrite Maxwell's equations and resolve them into transverse and longitudin
al components-- viz. Eq. [ I-1a] becomes

{N, +29} {E,(Fw)+2E,(F.w)} =- jwm{A,(Fw) +2H,(Fw)}  [1-8a]
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which has transverse components
92" E,(Fw)- 2" R, E,(F.w)=-jwmH, (Fw) [1-8b]

and longitudinal component

N, " E,(F,w)=-jwmH,(F.w) [1-8c]
and Eq. [ I-1a] becomes
{ﬁtr + ig} ’ {Htr(F,w) +7 HZ(F,W)} = ] We{ E, (F.w) +2 EZ(F,W)} [1-9a]
which has transverse components
gz H(fw)- 2" N, H,(F,w) = +jwe E,(F,w) [1-9b]
and longitudinal component

=~ —

N, " H,(F.w)=+jweE,(F,w) [1-9¢c]

tr

Now multiply thefirst transver se equation --i.e. Eq.[1-8b] -- by jwe
gz’ {jwe Etr(F,w)} - jwez” N, E,(F,w) =w’emH (F,w)
and substitute from the second transver se equation --i.e. EQ. [ 1-9b]
g2 {92 H,(Fw)-2 R, H,(Fw)}- jwe2” R, E,(Fw)=wemH,(Fw)
Finally, using the "abc = bac - cab" rulet we find
{K*+g°} H,(Fw) =g N, H,(Fw)- jwez" R, E,(f,w) [1-10a]

Similarly, multiplying the second transver se equation --i.e. Eq. [ [-9b] -- by - jwm

t Thatis a (b’ é): b(ax) - 6(éx5)
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gz’ {jwe Etr(F,W)} - jwez” N, E,(F,w)=w’emH  (F,w)
and substituting from thefir st transver se equation --i.e. Eqg. [ [-8b] -- we obtain
{K*+9°} E,(Fw)=g N, E,(F.w) +jwmz" N, H,(F,w) [1-10b]
In summary, these equations say: If we know the longitudinal electric and magnet
ic fields, we know everything these isto know! But how are we to know the lon

gitudinal fields? Answer: The longitudina fields must, of course, obey the Helmholtz equ
ations, which may now be written in the form

~

N2 E,(Fw)+{k*+g°} E,(F.w) =0 [1-11a]

N2 H,(F.w)+{K +g7} H,(Fw)=0 [1-11b]

where, for example and in particular,

e T
tr ﬂXz ﬂyz
19@ 76,1 T L-12]
rfre fra r?9qg?

TEM Waveguide M odes:

The argument above isincomplete in the sense that one important case has been implicitly o
verlooked -i.e. the case when both longitudinal fields are zero. When doesthis
happen? Answer: when

k’+g°=0 or g=+jk [11-1]

Therefore, TEM waves always propagate at the speed of light in the dielectric
and satisfy the equations

N2 E, (Fw)=0 [11-2a]
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NZ H,(Fw)=0 [11-2b]

Animportant particular example of such TEM waveguide modes are those derived fro
m the logarithmic potential - viz.

f(F,W)=%In[(x+a)2+(y+b)2] [11-3]

which includes the TEM modes on coaxia and two-wire lines.
Conducting Wall Tube Waveguides:
For the nearly realizable case of perfectly conducting walls we have the smplest poss

ble situation the longitudinal fields satisfy the Helmholtz equations -- viz. Eqs[ I-11] --int
he internal dielectric region and the following the boundary conditions on the walls:

E,(F,...w)=0 [ 111-1a]
"N, H(F,,.w)=0 [111-1b]

A. Parallel Plate Waveguides

TM-Modes (E-Waves) are derived from

mp X
EN(F,w)=A sme 5 uexp[gmz] [111-2a]
a&mp amp
2 2 _ _ _ 2
where k°+g,, “e g o andthus g, =jb,, = &g o Kk
TE-Modes (H-Waves) are derived from
énp X
HI(F,w) =B, cos < d uexp[gnz] [111-2b]
2 @po — _ aﬂ“po 2
where k®+g,° = Y andthus g,=]jb, = Y -k
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Dispersion Curvesfor a Parallel Plate Waveguide
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From Egs. [ I-10 ], we may write the complete transverse fields for a given order

Er(Fw) =k’ +gm2]'l\i;gm N, gAm sin Smg géﬂwmz N, éBm cos?% exp[gmz] [111-3a]

H[f(?,w):[kz +9m2]'l%gmﬁn éBm cos?%(ga- jwez KN, EA sng—— . g&v)exp[gmz] [111-3a]

which simplify to

E{?(F,W):?idjbmAmcos?%g jwmB,, sing—— s 0 gexp[jb z] [lll-4a]
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I:I{‘:(F,w)zgmipl‘fﬁ-j b B snPX05 _ jwe Amcoszem%gy\gexp[j b, 2] [Ill-4b]

€ g @

B. Rectangular Waveguides
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TM-Modes (E-Waves) arederived from

oA s e ] s
anp o Py
2 2 _ —_—
where K™ +9," =5—5 *a g
2 2
_ip = |[EPG  @PG
and thus gmn_men_\/é?ﬂ +éTfa -k

TE-Modes (H-Waves) are derived from

Hexp[gmn 7] [111-5b]
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where, again, k°+g,, e, 0 epo
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Dispersion Curvesfor a Rectangular Waveguide
(Most common or standard configuration where a =2b )
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