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Abstract

TheBayesianparadigmprovidesanaturalandeffectivemeansof exploit-
ing prior knowledgeconcerningthe time-frequency structureof sound
signalssuchasspeechandmusic—somethingwhichhasoftenbeenover-
lookedin traditionalaudiosignalprocessingapproaches.Here,aftercon-
structinga Bayesianmodelandprior distributionscapableof takinginto
accountthe time-frequency characteristicsof typical audiowaveforms,
weapplyMarkov chainMonteCarlomethodsin orderto samplefrom the
resultantposteriordistribution of interest. We presentspeechenhance-
mentresultswhich comparefavourablyin objective termswith standard
time-varying�ltering techniques(andin severalcasesyield superiorper-
formance,both objectively and subjectively); moreover, in contrastto
suchmethods,our resultsareobtainedwithout an assumptionof prior
knowledgeof thenoisepower.

1 Intr oduction

Natural soundscan be meaningfully representedas a superpositionof translatedand
frequency-modulatedversionsof simple functions(atoms). As a result, so-calledtime-
frequency representationsare ubiquitousin audio signal processing. The focus of this
paperis on signalenhancementvia a regressionin which time-frequency atomsform the
regressors.Thischoiceis motivatedby thenotionthatanatomictime-frequency decompo-
sition is themostnaturalway to split anaudiowaveforminto its constituentparts—suchas
noteattacksandsteadypitchesfor music,voicedandunvoicedspeech,andsoon. More-
over, thesefeatures,alongwith prior knowledgeconcerningtheir generative mechanisms,
aremosteasilydescribedjointly in timeandfrequency throughtheuseof Gaborframes.

1.1 Gabor Frames

We begin by brie�y reviewing the conceptof Gaborsystems;detailedresultsandproofs
may be found in, for example,[1]. Considera function � whosetime-frequency support
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is centredabout the origin, and let ���

� �

denotea time-shifted(translationby ��� ) and
frequency-shifted(modulationby �

�

) versionthereof;sucha collectionof shiftsde�nesa
samplinggrid over the time-frequency plane. Then(roughly speaking)if � is reasonably
well-behavedandthelattice �
	��
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	 is suf�ciently dense,theGaborsystem
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pro-
videsa (possiblynon-orthogonal,or evenredundant)seriesexpansionof any functionin a
Hilbert space,andis thussaidto generatea frame.

More formally, aGaborframe 
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is a dictionaryof time-frequency shiftedversionsof
a singlebasicwindow function � , having theadditionalpropertythat thereexist constants
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is the Hilbert spaceof functionsof interestand
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denotesthe inner product.
ThispropertycanbeunderstoodasanapproximatePlancherelformula,guaranteeingcom-
pletenessof thesetof building blocksin thefunctionspace.Thatis, any signal

�+,2.

can
berepresentedasanabsolutelyconvergentin�nite seriesof the �3�

� �

, or in the�nite case,
a linearcombinationthereof.Sucharepresentationis givenby thefollowing formula:
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where 6�'�
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is a dual frame for ���
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. Dual frames exist for any frame; however,
the canonicaldual frame, guaranteeingminimal (two-)norm coef�cients in the expan-
sion of (1), is given by 6���
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is the frameoperator, de�ned by
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Thenotionof a framethusincorporatesbasesaswell ascertainredundantrepresentations;
for example,anorthonormalbasisis a tight frame(

�@4

� ) with
�@4

�

4BA

; theunionof
two orthonormalbasesyieldsa tight framewith framebounds

�C4

�

4?D

. Importantly, a
key resultin time-frequency theory(theBalian-Low Theorem)implies that redundancy is
anecessaryconsequenceof goodtime-frequency localisation.1 However, evenwith redun-
dancy, the frameoperatormay, in certainspecialcases,be diagonalised.If, furthermore,
the �'�

� �

arenormalisedin sucha case,thenanalysisandsynthesiscantake placeusing
thesamewindow andinversionof theframeoperatoris avoidedcompletely. Accordingly,
Daubechieset al. [2] termsuchcases̀painlessnonorthogonalexpansions'.

1.2 Short-Time SpectralAttenuation

Thestandardnoisereductionmethodin engineeringapplicationsis actuallysuchanexpan-
sion in disguise(see,e.g.,[3]). In this method,known asshort-timespectralattenuation,
a time-varying�lter is appliedto thefrequency-domaintransformof a noisysignal,using
theoverlap-addmethodof short-timeFourieranalysisandsynthesis.Theobservedsignal
y is �rst divided into overlappingsegmentsthroughmultiplicationby a smooth,̀ sliding'
window function, which is non-zeroonly for a durationon the orderof tensof millisec-
onds.TheFourier transformis thentakenon eachlength-E interval (possiblyzero-padded
to length F ), and the resultant G vectorsof spectralvalues 
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canbe plottedsideby sideto yield a time-frequency representationknown asthe Gabor
transform,or sub-sampledshort-timeFouriertransform,themodulusof which is thewell-
known spectrogram.The coef�cients of this transformareattenuatedto somedegreein
orderto reducethenoise;asshown in Fig. 1, individual short-timeintervalsY

�

arethen
inverse-transformed,multiplied by a smoothingwindow, andaddedtogetherin anappro-
priatemannerto form a time-domainsignalreconstructionOx.

1Thereis, however, anexceptionfor realsignals,whichwill beexploredin moredetailin P 3.2.



Figure1: Short-timespectralattenuation

This methodof noisereduction,while beingrelatively fastandeasilyunderstood,exhibits
several shortcomings:in its mostbasicform it ignoresdependenciesbetweenthe time-
domaindatain adjacentshort-timeblocks,andit assumesknowledgeof thenoisevariance.
Moreover, previousapproachesin this vein have relied (eitherexplicitly or implicitly) on
independenceassumptionsamongstthe time-frequency coef�cients; see,e.g.,[4]. Thus,
with theaim of improving uponthis popularclassof audionoisereductiontechniques,we
haveusedtheseapproachesasastartingpoint from whichto proceedwith a fully Bayesian
analysis.As a stepin this direction,weproposea Gaborregressionmodelasfollows.

2 Coef�cient Shrinkage for Audio SignalEnhancement

2.1 Gabor Regression

Let x
,����

denoteasampledaudiowaveform,theobservationof whichhasbeencorrupted
by additive white Gaussiannoiseof variance�

�

, yielding thesimpleadditive modely
4

x � d. We considerregressionin this caseusinga designmatrix obtainedfrom a Gabor
frame.2

In our particularcase,this choiceof regressorsis motivatedby a desirefor constantabso-
lutebandwidth,asopposedto, e.g.,theconstantrelativebandwidthof wavelets.Wedonot
attemptto addressheretherelative meritsof Gaborandwavelet framesper se; rather, we
simply notethat thechangingfrequency contentof naturalsoundsignalscarriesmuchof
their information,andthusa time-frequency representationmaywell bemoreappropriate
thanatime-scaleone.Moreover, audiosignalenhancementresultswith waveletshavebeen
for themostpartdisappointing(witnessthedearthof literaturein this area),whereasstan-
dardengineeringpracticehasevolved to usetime-varying �ltering—which is inherently
Gaboranalysis.

Although spacedoesnot permit a discussionof the relevanceof Gabor-type transforms
to auditoryperception(see,e.g.,[5]), asa �nal considerationit is interestingto notethat
Gabor's original formulations[6]–[7] weremotivatedby psychoacousticaswell asinfor-
mationtheoreticconsiderations.

2Technically, we considerthering ���
	�� mod � , undertheassumption(without lossof gener-
ality) that thevectorof sampledobservationsy hasbeenextendedto length � in a properway at its
boundarybeforebeingperiodicallyextendedon �
� .



2.2 BayesianModel

By thecompletenesspropertyof Gaborframes,any x
, �

�

canberepresentedasa linear
combinationof theelementsof theframe.Thus,onehasthemodel

y
4

Gc � d �

wherethecolumnsof G
,5H �����

form theGaborsynthesisatoms,andelementsof c
,5H��

representtherespectivesynthesiscoef�cients. To completethis modelweassumeaninde-
pendent,identicallydistributedGaussiannoisevector, conditionallyGaussiancoef�cients,
andinverted-Gammaconjugatepriors:
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wherediag
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c
�

denotesa diagonalmatrix, the individual elementsof which areassumed
to bedistributedasin (2) above,and � �

�

��� � and  arehyperparameters.We notethatit is
possibleto obtainvaguepriorsthroughthechoiceof thesehyperparameters;alternatively,
onemaywishto incorporategenuinepriorknowledgeaboutaudiosignalbehaviour through
them. In ! 3.2, we considerthecasein which frequency-dependent coef�cient priors are
speci�edin orderto exploit thetime-frequency structureof naturalsoundsignals.

The choiceof an inverted-Gammaprior for �

�

is justi�ed by its �e xibility; for instance,
in many audio enhancementapplicationsone may be able to obtain a good estimateof
thenoisevariance,which mayin turn bere�ected in thechoiceof hyperparameters� and

�

. However, in order to demonstratethe performanceof our model in the `worst-case'
scenarioof little prior information,we assumeherea diffuseprior 
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2.3 Implementation

As ameansof obtainingsamplesfrom theposteriordistributionandhencethecorrespond-
ing point estimates,we proposeto samplefrom the posteriorusingMarkov chainMonte
Carlo(MCMC) methods[8]. By design,all modelparametersmaybeeasilysampledfrom
their respective full conditionaldistributions, thus allowing the straightforward employ-
mentof aGibbssampler[9].

In all of theexperimentsdescribedherein,a tight, normalisedHanningwindow wasem-
ployedastheGaborwindow function,andaregulartime-frequency latticewasconstructed
to yield a redundancy of two (correspondingto the commonpracticeof a 50% window
overlap in the overlap-addmethod.) The arithmeticmeanof the signal reconstructions
from 1000 iterations(following 1000 iterationsof `burn-in', by which time the sampler
appearedto havereacheda stationaryregimein eachcase)wastakento bethe�nal result.
As afurthernote,colourplotsandrepresentativeaudioexamplesmaybefoundat theURL
speci�edon thetitle pageof this paper.

While herewe show resultsfrom randominitialisations,with noattemptmadeto optimise
parameters,we notethat in practiceit maybemostef�cient to initialise thesamplerwith
the Gaborexpansionof the noisy observation vector (suchan initialisation will indeed
be possiblewithout inversionof the frameoperatorin thecaseswe considerhere,which
correspondto the overlap-addmethoddescribedin ! 1.2). It canalsobe expectedthat,
wherepossible,convergencemay be speededby startingthe samplerin regionsof likely
high posteriorprobability, via useof a preliminary noisereductionmethodto obtain a
robustcoef�cient initialisation.



3 Simulations

3.1 Coef�cient Shrinkage in the OvercompleteCase

To testthenoisereductioncapabilitiesof theGaborregressionmodel,aspeechsignalof the
shortutterancèsoundcheck',sampledat11.025kHz, wasarti�cially degradedwith white
Gaussiannoiseto yieldsignal-to-noiseratios(SNR)between0 and20dB.At eachSNR,ten
runsof thesampler, at differentrandominitialisationsandusingdifferentpseudo-random
numbersequences,wereperformedasspeci�edabove. By way of comparison,threestan-
dardmethodsof short-timespectralattenuation(theWiener�lter , magnitudespectralsub-
traction,andtheEphraimandMalahsuppressionrule (EMSR)[4]) werealsotestedon the
samedata(noisevarianceswereestimatedfrom 5 secondsof thenoiserealisationin these
cases);theresultsareshown in Fig. 2, alongwith estimatesof thenoisevarianceaveraged
overeachof thetenruns.
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Figure2: Noisereductionresultsfor theGaborregressionexperimentof ! 3.1

As it is ableto outperformmany of theshort-timemethodsovera wide rangeof SNR(de-
spiteits relative disadvantageof not beinggiventheestimatednoisevariance),andis also
ableto accuratelyestimatethe noisevarianceover this range,the resultsof Fig. 2 would
seemto indicatetheappropriatenessof theGaborregressionschemefor audiosignalen-
hancement.However, listeningtestsreveal that thealgorithm,while improving uponthe
shortcomingsof standardapproachesdiscussedin ! 1.2,still suffersfrom thesamè musi-
cal' residualnoise.TheEMSR,ontheotherhand,is known for its morecolourlessresidual
noise(althoughascanbe seenfrom Fig. 2, it tendsto exhibit severeover-smoothingat
higherSNR);weaddressthis issuein thefollowing section.

3.2 Coef�cient Shrinkage UsingWilson Bases

In the caseof a real signal, it is still possibleto obtaingoodtime-frequency localisation
without incurringthepenaltyof redundancy throughtheuseof Wilson bases(alsoknown
in theengineeringliteratureaslappedtransforms;see,e.g.,[1]).



As anexampleof incorporatingbasicprior knowledgeaboutaudiosignalstructurein arel-
atively simpleandstraightforwardmanner, now considerlettingthescalefactor  of (2) be-
comeaninversefunctionof frequency, sothatelementsof theinverted-Gamma-distributed
coef�cient variancevector

�

�

c , althoughindependent,areno longeridenticallydistributed.

To testtheeffectsof suchafrequency-dependent prior in thecontext of aWilsonregression
model(in comparisonwith thediffusepriorsemployedin ! 3.1), thespeechsignalof the
previousexamplewasdegradedwith whiteGaussiannoiseof variance
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, to yield
anSNRof 10 dB. Onceagain,posteriormeanestimatesover the last1000iterationsof a
2000-iterationGibbssamplerrun weretakenasthe�nal result.Figure3 showssamplesof
thenoisevarianceparameterin this case.While boththediffuseandfrequency-dependent
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Figure3: Noisevariancesamplesfor thetwo Wilson regressionschemesof ! 3.2

prior schemesyield an estimatecloseto the true noisevariance,andindeedgive similar
SNRgainsof 3.07and2.85dB, respectively, thecorrespondingrestorationsdiffer greatly
in their perceptualquality. Figure4 showsspectrogramsof thecleanandnoisytestsignal,
aswell astheresultantrestorations;whereasFig.5 showswaveformandspectrogramplots
of thecorrespondingresiduals(for greaterclarity, colourplotsareprovidedon-line).

It may be seenfrom Figs. 4 and 5 that the residualnoisein the caseof the frequency-
dependentpriorsappearslesscoloured,andin factthis restorationsuffersmuchlessfrom
theso-called̀ musicalnoise' artefactcommonto audiosignalenhancementmethods.It is
well-knownthata`whiter-sounding'residualis perceptuallypreferable;in fact,somenoise
reductionmethodshaveattemptedthis explicitly [10].

4 Discussion

Herewehavepresentedamodelfor regressionof audiosignals,usingelementsof aGabor
frameasa designmatrix. Note that in alternative contexts, othershave alsoconsidered
scalemixturesof normalsaswe do here(see,e.g.,[11]–[12]); in fact,thepriorsdiscussed
in [13] constitutespecialcasesof thoseemployed in the Gaborregressionmodel. This
modelmay alsobe extendedto includeindicatorvariables,thusallowing oneto perform
Bayesianmodelaveraging[8]–[9]. In thiscaseit maybedesirableto employ anevenlarger
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Figure 4: Spectrogramsfor the two Wilson regressionschemesof ! 3.2 in the caseof
diffusevs. frequency-dependent priors(grey scaleis proportionalto log-amplitude)

`dictionary' of regressors,in orderto obtainthe mostparsimoniousrepresentationpossi-
ble.3 Multi-resolutionwavelet-like schemesareoneof many possibilities;for anexample
applicationin this veinwe referthereaderto [14].

Thestrengthof sucha fully Bayesianapproachlies largely in its extensibility to allow for
moreaccuratesignalandnoisemodels;in thisveinwork is continuingon thedevelopment
of appropriateconditionalprior structuresfor audiosignals,including the formulationof
Markov random�eld models. The main weaknessof this methodat presentlies in the
computationalintensityinherentin thesamplingscheme;acomparisonto morerecentand
sophisticatedprobabilisticmethods(e.g.,[15]–[16]) is now in orderto determinewhether
thebene�ts to begainedfrom suchanapproachoutweighits computationaldrawbacks.
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