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Abstract

TheBayesiarparadignprovidesanaturalandeffective meansof exploit-
ing prior knowledgeconcerningthe time-frequeng structureof sound
signalssuchasspeectandmusic—somethingvhich hasoftenbeenover-
lookedin traditionalaudiosignalprocessin@pproached-ere,aftercon-
structinga Bayesiarmodelandprior distributionscapableof takinginto
accountthe time-frequeng characteristicef typical audiowaveforms,
we applyMarkov chainMonte Carlomethodsn orderto samplegfrom the
resultantposteriordistribution of interest. We presentspeectenhance-
mentresultswhich comparegavourablyin objective termswith standard
time-varying Itering techniquegandin severalcaseyield superiomper
formance,both objectively and subjectiely); moreover, in contrastto
suchmethods,our resultsare obtainedwithout an assumptiorof prior
knowledgeof the noisepower.

1 Intr oduction

Natural soundscan be meaningfully representedas a superpositionof translatedand
frequeng-modulatedversionsof simple functions (atoms). As a result, so-calledtime-
frequeng representationare ubiquitousin audio signal processing. The focus of this
paperis on signalenhancementia a regressionin which time-frequeng atomsform the
regressorsThis choiceis motivatedby the notionthatanatomictime-frequeng decompo-
sitionis themostnaturalway to split anaudiowaveforminto its constituenparts—suctas
noteattacksandsteadypitchesfor music,voicedandunvoicedspeechandsoon. More-
over, thesefeaturesalongwith prior knowledgeconcerningheir generatie mechanisms,
aremosteasilydescribedointly in time andfrequeng throughthe useof Gaborframes

1.1 Gabor Frames

We begin by brie y reviewing the conceptof Gaborsystemsdetailedresultsand proofs
may be foundin, for example,[1]. Considera function whosetime-frequeng support

Audio examplesdescribedn this paper aswell asMatlab codeallowing for their reproduction,
may be foundatthe authors web page:http://www-sigproc.eng.cam.ac.uk/ pjw 47.



is centredaboutthe origin, and let denotea time-shifted(translationby ) and

frequeng-shifted(modulationby ) versionthereof;sucha collectionof shiftsde nesa

samplinggrid over the time-frequeng plane. Then(roughly speaking)f is reasonably
well-beharedandthelattice is sufciently densethe Gaborsystem pro-

videsa (possiblynon-orthogonalpr evenredundantseriesexpansionof ary functionin a

Hilbert spaceandis thussaidto generate frame.

More formally, a Gaborframe is adictionaryof time-frequenyg shiftedversionsof
asinglebasicwindow function , having the additionalpropertythatthereexist constants
(framebounds)uchthat

where is the Hilbert spaceof functionsof interestand denoteghe inner product.
This propertycanbeunderstoo@sanapproximatePlanchereformula,guaranteeingom-
pletenessf the setof building blocksin thefunctionspace Thatis, any signal can
berepresentedsanabsolutelyconvergentin nite seriesof the , orin the nite case,
alinearcombinationthereof.Sucharepresentatiors givenby thefollowing formula:

, 1)

where is a dual frame for . Dual framesexist for ary frame; however,
the canonical dual frame, guaranteeingninimal (two-)norm coefcients in the expan-
sion of (1), is given by , Where is the frame opefator, de ned by

Thenotionof aframethusincorporatedasesaswell ascertainredundantepresentations;
for example,anorthonormabasisis atight frame( ) with ; theunionof
two orthonormabasegieldsatight framewith framebounds . Importantly a
key resultin time-frequenyg theory(the Balian-Lonv Theorem)impliesthatredundang is
anecessargonsequencef goodtime-frequeng localisation! However, evenwith redun-
dang, the frameoperatommay, in certainspecialcasespe diagonalised.If, furthermore,
the arenormalisedn sucha case thenanalysisand synthesiscantake placeusing
the samewindow andinversionof the frameoperatotis avoidedcompletely Accordingly,
Daubechiegtal. [2] termsuchcasespainlessionorthogonaéxpansions'.

1.2 Short-Time Spectral Attenuation

Thestandardoisereductionmethodin engineeringpplicationdgs actuallysuchanexpan-
sionin disguise(see,e.g.,[3]). In this method,known asshort-timespectralattenuation,
atime-varying lter is appliedto the frequeng-domaintransformof a noisy signal,using
the overlap-addmethodof short-timeFourier analysisandsynthesis.The obsenedsignal
y is rst dividedinto overlappingsegmentsthroughmultiplication by a smooth, sliding'
window function, which is non-zeroonly for a durationon the orderof tensof millisec-
onds. The Fouriertransformis thentaken on eachlength- interval (possiblyzero-padded
to length ), andthe resultant vectorsof spectralvalues Y

canbe plottedside by sideto yield a time-frequeng representatioknown asthe Gabor
transform,or sub-sampledhort-timeFouriertransform the modulusof whichis thewell-
known spectrogram.The coefcients of this transformare attenuatedo somedegreein
orderto reducethe noise;asshown in Fig. 1, individual short-timeintenalsY arethen
inverse-transformednultiplied by a smoothingwindow, andaddedtogetherin anappro-
priatemannetrto form atime-domainsignalreconstructiorx.

Thereis, however, anexceptionfor realsignalswhich will beexploredin moredetailin = 3.2.



Figurel: Short-timespectrakttenuation

This methodof noisereductionwhile beingrelatively fastandeasilyunderstoodexhibits

several shortcomings:in its mostbasicform it ignoresdependenciebetweenthe time-

domaindatain adjacenshort-timeblocks,andit assume&nowledgeof thenoisevariance.
Moreover, previous approache this vein have relied (eitherexplicitly or implicitly) on

independencassumption@mongsthe time-frequeng coefcients; see,e.g.,[4]. Thus,
with theaim of improving uponthis popularclassof audionoisereductiontechniqueswe

have usedtheseapproacheasa startingpointfrom whichto proceedvith afully Bayesian
analysis.As a stepin this direction,we proposea Gaborregressionmodelasfollows.

2 Coef cient Shrinkagefor Audio Signal Enhancement

2.1 Gabor Regression

Letx denotea samplechudiowaveform,theobsenationof which hasbeencorrupted
by additive white Gaussiamoiseof variance |, yielding the simpleadditive modely

x d. We considermregressionin this caseusinga designmatrix obtainedfrom a Gabor
frame?

In our particularcase this choiceof regressorss motivatedby a desirefor constan@abso-
lute bandwidth asopposedo, e.g.,the constantelativebandwidthof wavelets.We do not
attemptto addresseretherelative meritsof Gaborandwaveletframesper se rather we
simply notethatthe changingfrequeng contentof naturalsoundsignalscarriesmuch of
theirinformation,andthusatime-frequenyg representatiomay well be moreappropriate
thanatime-scaleone.Moreover, audiosignalenhancementsultswith waveletshave been
for the mostpartdisappointingwitnessthe dearthof literaturein this area)whereasstan-
dard engineeringpracticehasevolved to usetime-varying Itering—which is inherently
Gaboranalysis.

Although spacedoesnot permit a discussionof the relevanceof Gabortype transforms
to auditory perception(see,e.g.,[5]), asa nal consideratiorit is interestingto notethat
Gabors original formulations[6]-[7] weremotivatedby psychoacoustiaswell asinfor-

mationtheoreticconsiderations.

2Technically we considerthering mod , undertheassumptior{without lossof gener
ality) thatthe vectorof sampledbserationsy hasbeenextendedto length in aproperway atits
boundarybeforebeingperiodicallyextendedon



2.2 BayesianModel

By the completenespropertyof Gaborframes,ary x canberepresentedsalinear
combinationof theelementof theframe. Thus,onehasthemodel

y Gc d

wherethecolumnsof G form theGaborsynthesiatoms andelement®of ¢
representherespectre synthesicoefcients. To completethis modelwe assumeaninde-
pendentjdenticallydistributedGaussiamoisevector conditionallyGaussiarcoefcients,
andinverted-Gammaonjugatepriors:

d I - -

C . diag . , (2)

wherediag . denotesadiagonalmatrix, theindividual elementsof which areassumed
to bedistributedasin (2) above,and and arehyperparameterse notethatit is
possibleto obtainvaguepriorsthroughthe choiceof thesehyperparametersilternatvely,
onemaywishto incorporategenuineprior knowledgeaboutaudiosignalbehaiour through
them. In 3.2, we considerthe casein which frequeng-dependencoefcient priorsare
speci edin orderto exploit thetime-frequeng structureof naturalsoundsignals.

The choiceof aninverted-Gammarior for  is justi ed by its e xibility; for instance,
in mary audio enhancemendpplicationsone may be able to obtain a good estimateof
the noisevariancewhich mayin turn bere ectedin the choiceof hyperparameters and
. However, in orderto demonstratehe performanceof our modelin the “worst-case'
scenarioof little prior information,we assuménerea diffuseprior for

2.3 Implementation

As ameanof obtainingsampledrom theposteriordistribution andhencethe correspond-
ing point estimatesyve proposeto samplefrom the posteriorusing Markov chainMonte
Carlo(MCMC) methodg8]. By designall modelparametersnaybeeasilysampledrom
their respectie full conditionaldistributions, thus allowing the straightforward employ-
mentof a Gibbssamplef9].

In all of the experimentsdescribecherein,a tight, normalisedHanningwindow wasem-
ployedasthe Gaborwindow function,andaregulartime-frequenyg latticewasconstructed
to yield a redundang of two (correspondingo the commonpracticeof a 50% window
overlapin the overlap-addmethod.) The arithmeticmeanof the signal reconstructions
from 1000iterations(following 1000 iterationsof "burn-in', by which time the sampler
appearedo have reached stationaryregimein eachcase)wastakento bethe nal result.
As afurthernote,colourplotsandrepresentatie audioexamplesnaybefoundatthe URL
speci edonthetitle pageof this paper

While herewe shaw resultsfrom randominitialisations,with no attemptmadeto optimise
parametersye notethatin practiceit may be mostef cient to initialise the samplemwith

the Gaborexpansionof the noisy obsenation vector (suchan initialisation will indeed
be possiblewithout inversionof the frame operatorin the casesve considerhere,which

correspondo the overlap-addmethoddescribedn 1.2). It canalso be expectedthat,
wherepossible convergencemay be speededy startingthe samplerin regionsof likely

high posteriorprobability, via use of a preliminary noise reductionmethodto obtain a
robustcoefcient initialisation.



3 Simulations

3.1 Coef cient Shrinkagein the OvercompleteCase

To testthenoisereductioncapabilitief the Gaborregressiormodel,aspeectsignalof the
shortutterancesoundcheck’,sampledat 11.025kHz, wasarti cially degradedwith white
Gaussiamoiseto yield signal-to-noiseatios(SNR)betweer) and20dB. At eachSNR,ten
runsof the sampler at differentrandominitialisationsandusingdifferentpseudo-random
numbersequencesyereperformedasspeci ed above. By way of comparisonthreestan-
dardmethodsof short-timespectrakttenuatior(the Wiener Iter , magnitudespectralsub-
traction,andthe EphraimandMalahsuppressionule (EMSR)[4]) werealsotestedon the
samedata(noisevariancesvereestimatedrom 5 second®f the noiserealisationin these
cases)theresultsareshown in Fig. 2, alongwith estimate®f the noisevarianceaveraged
overeachof thetenruns.
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Figure2: Noisereductionresultsfor the Gaborregressiorexperimentof 3.1

As it is ableto outperformmary of the short-timemethodsover a wide rangeof SNR (de-
spiteits relative disadantageof not beinggiventhe estimatechoisevariance) andis also
ableto accuratelyestimatethe noisevarianceover this range,the resultsof Fig. 2 would
seemto indicatethe appropriatenessf the Gaborregressionschemefor audiosignalen-
hancementHowever, listeningtestsreveal that the algorithm,while improving uponthe
shortcoming®f standardapproachesdiscussedn 1.2, still suffersfrom the same musi-
cal' residualnoise.The EMSR,ontheotherhand,is known for its morecolourlesgesidual
noise (althoughas canbe seenfrom Fig. 2, it tendsto exhibit severe over-smoothingat
higherSNR); we addresghisissuein the following section.

3.2 Coef cient Shrinkage Using Wilson Bases

In the caseof areal signal,it is still possibleto obtaingoodtime-frequeng localisation
without incurringthe penaltyof redundang throughthe useof WIson baseqalsoknown
in the engineerinditeratureaslappedtransformsseee.g.,[1]).



As anexampleof incorporatingoasicprior knowledgeaboutaudiosignalstructuren arel-
atively simpleandstraightforvardmanneynow considetettingthescalefactor of (2) be-
comeaninversefunctionof frequeng, sothatelementof theinverted-Gamma-distrilted
coefcient variancevector ., althoughindependentareno longeridenticallydistributed.

To testtheeffectsof suchafrequeng-dependetprior in thecontext of a Wilsonregression
model(in comparisorwith the diffusepriorsemployedin  3.1), the speectsignalof the
previousexamplewasdegradedwvith white Gaussiamoiseof variance , toyield
an SNRof 10 dB. Onceagain,posteriormeanestimatesver the last 1000iterationsof a
2000-iterationGibbssamplerrun weretakenasthe nal result. Figure3 shavs samplef
thenoisevarianceparametein this case.While boththe diffuseandfrequeng-dependent
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Figure3: Noisevariancesampledor thetwo Wilsonregressiorschemesf 3.2

prior schemeyield an estimatecloseto the true noisevariance,andindeedgive similar
SNRgainsof 3.07and2.85dB, respectrely, the correspondingestorationgiffer greatly
in their perceptuafuality. Figure4 shavs spectrogramsf the cleanandnoisytestsignal,
aswell astheresultantestorationsyhereas-ig. 5 shaovs waveformandspectrogranplots
of thecorrespondingesidualgfor greaterclarity, colourplotsareprovidedon-line).

It may be seenfrom Figs. 4 and5 that the residualnoisein the caseof the frequeng-
dependenpriors appearsesscoloured,andin factthis restoratiorsuffers muchlessfrom
the so-called musicalnoise' artelaictcommonto audiosignalenhancemennethods It is
well-known thata “whiter-soundingresidualis perceptuallypreferablejn fact,somenoise
reductionmethodshave attemptedhis explicitly [10].

4 Discussion

Herewe have presenteé modelfor regressiorof audiosignalsusingelementof a Gabor
frame asa designmatrix. Note thatin alternatve contets, othershave also considered
scalemixturesof normalsaswe do here(seee.g.,[11]-[12]); in fact,the priorsdiscussed
in [13] constitutespecialcasesof thoseemployed in the Gaborregressionmodel. This
modelmay alsobe extendedto includeindicatorvariablesthusallowing oneto perform
Bayesiammodelaveraging8]—[9]. In thiscaset maybedesirableo employ anevenlarger
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Figure 4: Spectrogramgor the two Wilson regressionschemesf 3.2 in the caseof
diffusevs. frequeng-dependetpriors (grey scaleis proportionatlto log-amplitude)

“dictionary' of regressorsin orderto obtainthe mostparsimoniougepresentatiopossi-
ble3 Multi-resolutionwavelet-like schemesreoneof mary possibilities;for anexample
applicationin this veinwe referthereaderto [14].

The strengthof sucha fully BayesiarmapproacHies largely in its extensibility to allow for

moreaccuratesignalandnoisemodels;in this veinwork is continuingon thedevelopment
of appropriateconditionalprior structuredor audiosignals,including the formulation of

Markov random eld models. The main weaknesf this methodat presenties in the
computationaintensityinherentin the samplingschemea comparisorto morerecentand
sophisticategbrobabilisticmethodgqe.g.,[15]-[16]) is now in orderto determinewhether
thebene tsto begainedfrom suchanapproactoutweighits computationatiravbacks.
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